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We propose a dark energy model with a logarithmic cosmological fluid which can result in a very
small current value of the dark energy density and avoid the coincidence problem without much
fine-tuning. We construct a couple of dynamical models that could realize this dark energy at very
low energy in terms of the quintessence of four scalar fields and discuss the current acceleration
of the Universe. Numerical values can be made to be consistent with the accelerating Universe by
adjusting the two parameters of the theory. The potential can be given only in terms of the scale
factor, but the explicit form at very low energy can be obtained in terms of the scalar field to yield
of the form V (φ) = exp(−2φ)( 4A
3
φ + B). Some discussions and the physical implications of this
approach are given.
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Keywords: Dark energy, Logarithmic fluid, Coincidence problem
I. INTRODUCTION
One of the most intriguing discovery of modern cos-
mology is the acceleration of the Universe [1, 2] and dark
energy of a repulsive nature is widely believed to be caus-
ing the current acceleration. Many candidates for the
dark energy have been proposed [3–5], among which the
cosmological constant is the most accepted one. Along
with yet another unidentified constituent of the Universe
called dark matter, they compose the standard cosmolog-
ical model, ΛCDM [6], which can address the observable
Universe remarkably well. Still, an extreme fine-tuning of
the cosmological constant [7] has been the unsatisfactory
feature of the model. That is, the current cosmological
constant must have an unnaturally small value compared
to the Planck scale.
An alternative proposal to explain the dark energy is
the quintessence model [8, 9] in which a scalar field is
added as an indispensable component of the Universe. In
this approach, the smallness of the cosmological constant
is achieved by a dynamical decay of the scalar field en-
ergy density. It has the very attractive features of track-
ing behaviors and attractor solutions [4] so that galaxy
formation is not affected too much by the quintessence
field and the dark energy becomes dominant only at the
late stage of the Universe, thereby causing the current
acceleration. However, in order to achieve the late time
dark energy dominance, thus providing a possible solu-
tion of the coincidence problem [3], the theory has to be
fine-tuned to a certain extent so that the energy density
today is very close to the critical density [10].
In this paper, we propose a dark energy model that
can alleviate the fine-tuning problem substantially. Sup-
pose that a cosmological term [11] decaying according to
∗ seyen@skku.edu
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Λa ≡ 1/a(t)2, where a(t) is the scale factor of the Uni-
verse that we regard as the size of the Universe, exists
[12, 13]. This term decreases with the expansion of the
Universe, and the current value is Λa ∼ 10−122M2p , with
a0 ∼ 1042 Gev−1, where we have assumed its value at the
Planck scale to be of the orderM2p . Note that the current
value of energy density of this cosmological term is very
close to the critical density ρcr,0 ≃ 10−122M4p and that
it has the potential of explaining the coincidence prob-
lem without fine-tuning. Also, some theoretical back-
ground was given for such a decay [12, 13]. On the other
hand, the conservation of the Einstein tensor prevents
the cosmological term from varying in pure gravity. If
matter contents are included, the varying cosmological
constant term disrupts the matter continuity equations,
which changes the predictions of the standard cosmology
in the matter-dominated epoch [12, 13]. However, if the
continuity equation is enforced, the 1/a2 term behaves
exactly like the curvature constant term and it alone can-
not yield an accelerating Universe
It turns out that by adding another cosmological term
that varies according to ln a/a2 to the previous Λa, an ac-
celerating Universe can be realized. To see this in detail,
we first assume that the energy density of the cosmolog-
ical fluid composed of these two terms is approximately
of the order of ∼ Mp4 when the inflation is started1. At
the end of the inflation, when the scale factor becomes
103 cm with the number of e-foldings given by N , the
energy density will have decreased in magnitude by a
factor of ∼ Ne−2N and will have become of the order of
∼ Ne−2NM4p . We choose N ∼ 812, which is bigger than
the minimum number of e-foldings [10] so that the energy
1 The cosmological terms considered here decay very fast and can-
not be responsible for the inflation itself. The inflation should
come from some other source.
2 This number may look rather ad-hoc, but the choice of the e-
1density becomes of the order of ∼ 10−72Mp4. Therefore,
we propose the following dark energy density:
ρD =
[
c∗ ln(a/ainf)
(a/ainf)2
+
d∗
(a/ainf)2
]
× 10−72Mp4, (1)
where c∗ and d∗ are constants3 and ainf ∼ 103cm. Note
that the number 10−72 is a dynamical consequence of the
inflation, and no extreme fine-tunings of c∗ and d∗ turn
out to be necessary to describe the current accelerating
Universe. The current observations give ρD,0 = δρcr, δ ≃
0.73 with ρcr ≃ 10−122Mp4, and the matter energy den-
sity ρm =
γ
(a/a0)3
ρcr, γ ≃ 0.27 [6]. Then, Eq. (1) yields
a relation
c∗(25 ln 10) + d∗ ∼ δ. (2)
Just after the inflation ends at the energy scale
∼ 1013 Gev, the energy density is of the order of
10−24M4p >> ρD, and ρr ∼ 10−24/(a/ar,i)4M4p with
ar,i ∼ ainf ∼ 103cm. The normal expansion takes over
and the Universe expands by a factor of 1021 until the
radiation-matter equality around a ∼ 1024cm. When this
occurs, ρr,f ≃ ρm,i ≃ 10−108Mp4, and the matter domi-
nance takes over because the radiation energy density de-
cays faster than the matter energy density. In the mean-
time, the magnitude of ρD keeps on decreasing according
to Eq. (1) and becomes of the order of ∼ 10−114Mp4.
Therefore, the dark energy is completely subdominant
during this period. Then, the matter-dominated epoch
begins around a ≃ 10−3a0, a0 ∼ 1028cm. Because the
matter energy density decays faster than dark energy, a
scale where ρm ≃ ρD exists and is given by
aeq
a0
[
c∗ ln
(
aeq
a0
)
+ δ
]
≃ γ. (3)
So far, there is only one restriction on the numerical
values of the parameters c∗ and d∗ of Eq. (2), and a wide
range of their values are allowed to fit into the current
observation. One can impose one more condition by de-
manding that the Universe began its acceleration very
recently. The acceleration equation with our ρD and pD
is given by
a¨
a
=
1
6
[
c∗
(a/a0)2
− γ
(a/a0)3
]
ρcr. (4)
From the above equation, we see that the acceleration
began around aacc ∼ γ/c∗a0. For example, if we choose
c∗ = 0.54, we obtain aacc ∼ 1/2a0 and aeq ∼ 0.60a0.
This would determine d∗ ∼ −56. Therefore, the transi-
tion to dark energy dominance occurred very recently.
foldings is related with the scale factor at the end of inflation
and can be adjusted.
3 We also assume that the pressure is given by pD =
−
1
3
[
c∗ ln(a/ainf)
(a/ainf)
2 +
c∗+d∗
(a/ainf)
2
]
× 10−72Mp4. ρD and pD satisfy
the continuity equation, ρ˙D = −3H(ρD + pD).
With these values, the dark energy stays negative dur-
ing most of the time until a−+ ∼ 0.25a0 and becomes
positive at a late stage of the matter-dominated era. Af-
ter passing this point, a maximum, amax is reached, and
eventually, it begins to be dominant around aeq. It seems
that a priori there is no reason for the dark energy to
stay positive always as long as the total energy density
ρ = ρD + ρr or ρ = ρD + ρm remains positive. In ad-
dition, the absolute value of the energy density is very
small when it stays negative compared to the radiation
or matter energy density. Therefore, it should not dis-
turb the radiation- or matter-dominated evolution alter-
ing the course of it 4. Note that the increasing behavior
of dark energy, although limited until amax in our case,
also appears in the phantom model [14]. It is interest-
ing to see that a−+, amax, aacc, and aeq all happen very
recently without too much fine-tuning of the parameters
c∗ and d∗.
In the next sections, we show that Eq. (1) can be real-
ized within a couple of quintessence models at very low
energy. In Section II, we construct a quintessence model
with four scalar fields that can produce the dark energy
behavior of Eq. (1). An explicit form of the potential
in terms of the scalar field in the scalar-dominated re-
gion is given. In Section III, we consider a generalized
quintessence model where the explicit construction can
be extended to the matter-dominated epoch. In Section.
IV, a critical analysis of the generalized quintessence
model is performed. Section V contains conclusions and
discussions.
II. QUINTESSENCE WITH FOUR SCALAR
FIELDS
Let us consider an action of the form (8πG = 1)
S1 =
∫
d4x
√−g
[
R
2
− 1
2
∂µφ∂
µφ− V (φ) − αX
]
+ Sm ,
with
X ≡ gµνδab∂µσa∂νσb , (5)
where σa is 3-component scalar field and α is a parameter
that we assume to be constant. Sm ia a matter action
with pm = 0. The space-time metric tensor is given by
ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2) , (6)
where a(t) is the scale factor. With an ansatz for the
scalar field σa of the form σa = xa [15], the evolution and
4 One can check that a−+ ∼ e−δ/c∗a0 independently of the de-
tailed numerical values for ρcr and ainf .
2the continuity equations for matter are given as follows:
3H2 =
1
2
φ˙2 +
3α
a2
+ V + ρm , (7)
−2H˙ = φ˙2 + 2α
a2
+ ρm , (8)
0 = ρ˙m + 3Hρm , (9)
where H ≡ a˙/a is the Hubble parameter, and ρm is the
matter energy density. The scalar field satisfies
φ¨+ 3Hφ˙+ V ′(φ) = 0 ,
where the dot and the prime denote partial differentia-
tions with respect to t and φ, respectively.
Taking linear combinations of Eqs. (7) and (8), we get
the acceleration equation
a¨
a
=
1
3
(
V − φ˙2
)
− 1
6
ρm . (10)
In the quintessence model, the kinetic term and the mat-
ter density decay very fast in the above equation, and
sole potential dominance at late time is reached, which
causes the acceleration. We open the possibility that the
late time acceleration comes from the first two terms in
the above equation, and anticipating that Eq. (10) will
describe the current acceleration at very low energy, we
require the following relation:
V − φ˙2 = A
(a/a0)2
ρcr , (11)
where A is a parameter that we assume to be the pos-
itive. With this, the expansion changes from a deceler-
ation for a small value of the scale factor corresponding
to the matter-dominated epoch to an acceleration for a
large value of the scale factor corresponding to the scalar-
dominated epoch, including the kinetic energy density.
We will omit a0 and ρcr in what follows unless confusion
arises. Using the relation in Eq. (11), we can rewrite the
evolution equations, Eqs. (7) and (8) as follows:
3H2 =
3
2
V − A
2a2
+
3α
a2
+ ρm , (12)
−2H˙ = V − A
a2
+
2α
a2
+ ρm . (13)
Differentiating Eq. (12) with respect to time and com-
paring the result with Eq. (13), we obtain the following
first-order differential equation for the potential:
3aV ′(a) + 6V (a)− 4A
a2
= 0 , (14)
which yields
V =
4A ln a
3a2
+
B
a2
, (15)
which is precisely of the form in Eq.(1). From Eq. (12),
we define (with α = −A/3, see Eq. (18) and below)
ρφ =
2A ln a
a2
+
3(B −A)
2a2
. (16)
Comparing with Eq. (1), we obtain A = c∗/2, 3B =
3c∗/2 + 2δ.
Note that it is difficult to express the scalar field φ in
a closed form from Eq. (11),
φ =
∫
dt
√
4A lna
3a2
+
B −A
a2
, (17)
so the potential V cannot be expressed in terms of the
φ explicitly. Also, the positivity of the square root in
the above expression restricts the applicable range of a,
which turns out to be a & a−+, and this is the same as
the positivity of the ρφ of Eq. (16). Basically, this comes
from the imposition of the acceleration condition, Eq.
(11), and this condition restricts the dynamically per-
mitted region to a ≥ a−+. A closed form of the potential
is viable, if we neglect the matter density in the evolution
equations, that is, in the scalar-dominated epoch. In this
case, the ratio of φ˙2 to H2 is given by
φ˙2
3H2
=
V − Aa2
3
2V − A2a2 + 3αa2
, (18)
and we can adjust the parameter α = − 13A. Then, we
have
φ(a) =
√
2 ln a+ C , (19)
with an integration constant C. This gives an expression
for the potential in Eq. (15):
V (φ) = e−
√
2φ
(
2
√
2A′
3
φ+B′
)
, (20)
A′ = e
√
2CA, B′ = B − 2
√
3
3
AC .
III. GENERALIZED QUINTESSENCE MODEL
In this section, we consider a generalized quintessence
model given by
S2 =
∫
d4x
√−g
[
R
2
− ω(φ)
2
∂µφ∂
µφ− V (φ) − αX
]
+ Sm ,(21)
where we have introduced a scalar function ω(φ), which
will be arranged for our purpose. The last term in the
gravity sector is the triplet of scalar fields as before, and
we choose the same ansatz of the form σa = xa, which
solves the equation of motion. The potential V (φ) takes
the following form:
V (φ) = e−2φ
(
4A
3
φ+B
)
, (22)
which is essentially of the form given by Eq. (21) with
a redefinition of the scalar field. We assume that the
matter is cold dark matter with wm = 0 as before and
3that it satisfies the continuity equation. The evolution
equations are given by
3H2 =
1
2
ωφ˙2 +
3α
a2
+ V + ρm , (23)
−2H˙ = ωφ˙2 + 2α
a2
+ ρm , (24)
along with the continuity equation, Eq. (9), and the
scalar field satisfies
ωφ¨+
1
2
ω′φ˙2 + 3Hφ˙+ V ′ = 0 . (25)
Taking linear combinations of Eqs. (23) and (24), we
get the acceleration equation
a¨
a
=
1
3
(
V − ωφ˙2
)
− ρm . (26)
We choose the same acceleration condition as before,
V − ωφ˙2 = A
a2
, (27)
with a positiveA. Note that Eqs. (23) and (24) imply Eq.
(25) and recall ρm =
γ
(a/a0)3
ρcr. Therefore, we have two
independent dynamical equations and one constraint, Eq.
(27), for the three unknown functions to be determined,
a(t) or H , ω(φ), and φ(t). It turns out that we can solve
the equations with the ansatz
φ(a) = ln a , (28)
which reproduces the same forms of the scale-factor-
dependent potential, Eq. (15), and the energy density,
Eq. (16). Inserting this ansatz into Eq. (27), we obtain
the following ω in terms of φ:
ω(φ) =
8Aφ+ 6(B −A)
4Aφ+ 3(B −A) + 2γe−φ . (29)
Note that for the choice of α = −A/3, ω(φ) > 0 for a
positive value of the energy density ρφ defined with the
first three terms of Eq. (23) as before. One can show
that for α < −A/3, ω(φ) is always greater than zero
for a & a−+. The above analysis shows that it is possi-
ble to construct an explicit form of the potential beyond
the scalar-dominated region if we introduce a generalized
quintessence model with an adjustable kinetic function
ω(φ).
IV. CRITICAL ANALYSIS
In this section, we perform a critical analysis [4] of the
evolution equations of the previous section and present
some numerical result. For convenience, we choose α =
−A. For other choices, the qualitative feature of the
stability does not change as long as α < −A/3. Let
us introduce the following dimensionless quantities:
x ≡ ωφ˙
2
6H2
, y ≡ V˜
3H2
, (30)
with V˜ = V +3α/a2. Then, Eqs. (23)-(25) can be written
in the following form:
dx
dN
= −3x2 + 5
3
x− 1
3
y , (31)
dy
dN
=
1
3
y − 3xy + 4
3
x , (32)
where N ≡ ln a, together with a constraint equation
ρm
3H2
= 1− x− y . (33)
The critical points of the above system are easily ob-
tained by setting the right-hand sides of the above equa-
tions, Eqs. (31) and (32), to zero. The only physically
meaningful critical points (xc, yc) of the system are
(A) : (xc, yc) = (0, 0) ,
(B) : (xc, yc) =
(
1
3
,
2
3
)
.
Point (A) corresponds to the matter-dominated point
whereas point (B) is the scalar-dominates one.
To gain some insight into the property of the criti-
cal points, we write the variables near the critical points
(xc, yc) in the forms
x = xc + δx, (34)
y = yc + δy, (35)
where δx and δy are perturbations around the critical
points. From Eqs. (31) and (32), we obtain the linearized
equations
dδx
dN
=
(
5
3
− 6xc
)
δx− 1
3
δy , (36)
dδy
dN
=
(
4
3
− 3yc
)
δx+
(
1
3
− 3xc
)
δy , (37)
which can be written by using a matrix M as
d
dN
(
δx
δy
)
=M
(
δx
δy
)
, M =
(
5
3 − 6xc − 13
4
3 − 3yc 13 − 3xc
)
. (38)
One can study the stability of the critical points against
perturbations by evaluating the eigenvalues of the matrix
M . For class (A) corresponding to the matter-dominated
epoch, λ1 = 1 and λ2 = 1, which means that it is
an unstable point. For class (B) corresponding to the
scalar-field-dominated epoch, λ1 = −1 and λ2 = 0. The
appearance of a zero eigenvalue means that the linear
perturbation, which leads to the matrix in Eq. (38), is
not adequate, so the higher-order perturbations must be
considered to determine whether the considered critical
point is stable or not.
First, note that we have
2x− y > 0 , (39)
for α = −A. Therefore, it is useful to change from (x, y)
to the new variables (X,Y ) defined as
X = x+ 2y , Y = 2x− y , (40)
4where the X , Y are positively defined. Then, Eqs. (31)
and (32) can be rewritten as
dX
dN
=
5
3
Y − 1
5
X(3X + 6Y − 5) , (41)
dY
dN
= −1
5
Y (3X + 6Y − 5) , (42)
and the corresponding critical points in terms of the new
variables are
(A) : (Xc, Yc) = (0, 0) ,
(B) : (Xc, Yc) =
(
5
3
, 0
)
.
In the higher-order perturbations, we write the vari-
ables near the critical points (Xc, Yc) in the forms
X = Xc + δX
(1) + δX(2) + δX(3) + · · · ,
Y = Yc + δY
(1) + δY (2) + δY (3) + · · · , (43)
where δX(n) and δY (n) are n-th order perturbations of
the variables near the critical points. For class (B), the
perturbative equations of each order are given by
d
dN
δX(1) = −δX(1) − 1
3
δY (1),
d
dN
δY (1) = 0,
d
dN
δX(2) = −3
5
δX(1)
(
δX(1) + 2δY (1)
)
− δX(2) − 1
3
δY (2),
d
dN
δY (2) = −3
5
δY (1)
(
δX(1) + 2δY (1)
)
,
d
dN
δX(3) = −6
5
δX(1)δX(2) − 6
5
(
δX(1)δY (2) + δX(2)δY (1)
)
−δX(3) − 1
3
δY (3),
d
dN
δY (3) = −12
5
δY (1)δY (2) − 3
5
(
δX(1)δY (2) + δX(2)δY (1)
)
,
...
Note that the right-hand side of the second equation in
the first-order perturbation equation is zero, which re-
flects the fact that one of two eigenvalues is zero, so we
must focus on the next-order equations.
The solutions of the above linear differential equations
are given by
X(N) =
5
3
+ δA1 + δB1 , (44)
Y (N) = 0 + δA2 + δB2 , (45)
with
δA1 = −1
3
δY0 +
1
3
δY 20 N −
1
3
δY 30 N
2 +O(ǫ4), (46)
δA2 = δY0 − δY 20 N + δY 30 N2 +O(ǫ4), (47)
δB1 = δα0e
−N
[
1 +
3
5
e−Nδα0 −
(
1
5
+N
)
δY0
+
9
25
e−2Nδα20 −
3
25
e−N (1 + 10N) δα0δY0
+N
(
1 +
2
5
)
δY 20
]
+O(ǫ4) , (48)
δB2 =
3
5
δY0δα0e
−N
(
1 +
3
5
e−Nδα0 − 2NδY0
)
+O(ǫ4) ,
where δY0 and δα0 are the initial values at N = 0 that
satisfy δY0 = δY
(1)(0), and δα0 = δX
(1)(0) + 13δY
(1)(0),
respectively, and ǫ is the infinitesimal order parameter
for the perturbation. When the higher-order terms are
included and when N becomes very large, δA1,2 can be
expressed in a closed form with
δA1 → − δY0
3(1 + δY0N)
, δB1 → 0 , (49)
δA2 → δY0
1 + δY0N
, δB2 → 0 . (50)
Because the variable Y is a positively-defined value, the
perturbation around the zero point must also be pos-
itive. In this case, δA1 and δA2 smoothly go to zero
when N goes to infinity. Therefore, the critical point
(B) is stable. The numerical result is given in Fig. 1,
which demonstrates the stability of the scalar-dominated
critical point.
V. CONCLUSION
We showed that the coincidence problem can be
avoided with a logarithmic cosmological fluid of the form
in Eq. (1), and this can be realized dynamically as a cou-
ple of quintessence models at very low energy. Among
the four scalar fields, one plays a major role as in the
standard quintessence model, thus causing the current
acceleration. On the other hand, the triplet of scalar
fields is not essential in the dynamical evolution, but
it can provide the necessary energy density such that
the potential is completely integrable as an exact expres-
sion in the dark-energy-dominated era. In the general-
ized quintessence model, the construction was extended
to the matter-dominated epoch, and a critical analysis
indicates that the scalar domination is dynamically sta-
ble. An analytic expression of the potential in terms of
the scalar field is unavailable in each case, but effective
field theories can be considered separately at each stage
of the evolution of the Universe. We also have checked
that in such a scheme, the current value of the extremely
small dark energy density can be obtained without much
5FIG. 1. Flow diagram of the system in terms of X,Y for
different initial values. We have drawn the physically-allowed
region with δY > 0. The left red dot is the matter-dominated
point (A) whereas the right red dot is the scalar-dominated
point (B).
fine-tuning; The constants c∗ and d∗ are only of the or-
der 10−1 and 102, and the small value is attributed to
decaying of the dark energy density essentially as 1/a2.
Compared with the quintessence model, the constraint
in Eq. (11) brings a crucial difference as far as energy
dominance is concerned. When the scalar field begins
to roll down the potential, the initial potential energy
is converted into kinetic energy, which dominates the
energy of the scalar field. However, the kinetic energy
decreases rapidly, and potential energy dominance takes
over around 1/2 < z < 1, which is responsible for the
domination of the dark energy. In our case, at very low
energy, Eq. (11) applies throughout the evolution, which
implies that kinetic energy does not decay fast, but re-
mains comparable to the potential energy ∼ V/2. This
would result in a relatively small absolute value for the
equation of state ωφ, but a detailed comparison with the
observational data needs to be done. We comment that
this constraint is a phenomenological input to conform
to the current acceleration, so a more theoretical basis is
required.
Another comment is the feature that the dark energy
density remains negative during most of the time until
a−+. Even though this behavior does not destroy the ac-
celerating Universe, a ∼ 0.25a0 seems to have no special
meaning in the evolution. How the matter-dominated
evolution is affected by the small negative energy, if at
all, needs to be addressed. One could get rid of the nega-
tive energy simply by modifying the dark energy density
to ρD = −RHS of Eq. (1) for a > a−+, but this seems
rather ad-hoc. If this scale can somehow be raised to
electro-weak breaking scale, this would endow the theory
with more flexibility. Adding (ln a)2/a2 to the dark en-
ergy density in Eq. (1) is another possible avenue to deal
with the negative energy. It is likely that this will also
extend the applicable range of the quintessence model
similarly constructed and might improve the equation of
state previously mentioned.
We conclude with an intriguing property of Eq. (1).
One can check that that the status of the current ac-
celerating Universe is rather insensitive to the numeri-
cal values of ainf ∼ 103cm and ρcr ∼ 10−122M4p cho-
sen. If these values are chosen differently, these changes
can always be reabsorbed into c∗ and d∗. Suppose we
change ρcr to α
−1ρcr with some constant α. Then, Eqs.
(1) and (4) retain the same form with c∗ → αc∗, and
d∗ → αd∗. Likewise, if ainf → β−1ainf , then, c∗ → β2c∗,
and d∗ → β2(c∗ lnβ + d∗). Because α and β can be at
most of the order 1, c∗ and d∗ can change at most by
an order of 2, so the fine-tuning problem does not arise.
These changes also do not alter the energy dominance of
the radiation epoch and the matter epoch. This espe-
cially means that aacc can be made, in fact, independent
of ainf without much fine-tuning, suggesting that the cur-
rent status of the Universe is not affected too much by
the early Universe. Similarly, the scaling of the scale fac-
tor itself can also be absorbed into new definitions of c∗
and d∗, which seems to suggest a kind of scaling behavior
of the dark energy proposed. It would be interesting if
some theoretical foundation could be given for this.
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